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XII.  On the Proof of a Tlworem in Wave-motion. 

~Tb the Fditors of t]te _P]dlosodolffcal Magazine. 
~ENTLENEN~ 

W ERE it not for the unexpected avowal made by Mr. 
Preston on p. 460 of the June number of the Philo- 

sophical Magazine, tha~ he "feels bound" ~o "pro~est 
against " MacCullagh's me,hod of investigating w~ve-mogion 
(which is the method I had employed)~ I should scarcely 
have fel~ it incmnbent on me to trouble you with any com- 
ments upon his letter; for though there are fallacies in its 
earlier paragraphs, they seem suf~ciently transparen~ not to 
need formal reply. Nevertheless I will further on briefly 
refer to ~hem. However, what I desire chiefly ~o do is to 
apply myself to the more important {ask of rescuing from 
oblivion one of the several additions to {he resources of 
mathematies in its application to physical science which were 
made by ~¢facOullagh~ and which~ {o my surpris% seem now 
to be forgotten in his own University. 

For about thirty years--that is~ in the ~hir~ies, the forties~ 
and most of the tittles of the present century--the U niversit, y 
of Dublin was a great school of geometrical teaching. It  
had risen to this position owing to the profound refbrm in 
the teaching of the University which had been effeeted by 
Provos~ J3artholomew Lloyd in the ~wen/ies. As a school of 
geometry Dublin had then no rival except Paris. And 
perhaps there are no greater names among those who have 
advanced geometry, treated as a branch of Pure Nathematie 6 
than those of the grea~ Frenchman Chasles, of Sir William 
Hamilton, and of Dr. Salmon the present venerable Provost 
of Trinity College. The last two reeeived their training in 
the University of Dublin at the time above referred ~o. The 
great feature of the methods then pursued was the close inter-. 
weaving of analytical and geometrieal conceptions and methods 
of treatment, often with a preponderance of the eontrlbution 
from geometry. Where such a combination was no~ practi- 
cable the geomeMeal method was advanced side by side with 
the analytical. But where the intimate union of the two could 
be effeeted it furnished tools for discovery more effective 
than those of either method handled separately, and at ~he 
same time kept befbre the mind of the inquirer a e]earness of' 
vision in regard to what was being done~ which was more 
continuous and of an altogether higher order than can be 
reached by the analytical treatment applied separately or 
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On the Proo f  of  a Tlworem in Wave-motion. 99 

when it is illustrated only by the rough geometrical concep- 
tions ordinarily employed. 

Another distinctive feature of the Dublin School of Mathe- 
matics of those decades--one which was perhaps peculiar to 
that school--was the large introduction of these same accurate 
methods into the study of the various branches of Physics. 
This was chiefly due to the influence of MaeCullagh on the 
teaching of the University; and his suggestions were being 
actively developed and extended in the instruction given to 
undergraduates in the student days of the present writer-- 
from 1844 to 1847--which were the last years of MacCullagh's 
life. 

Some years afterwards a change was made in the curri- 
culum of Trinity College, Dublin, which had the effect of 
diminishing the stress which the College until then had laid 
upon the earlier and necessary steps of the training of the 
mind for such pursuits; and as a consequence the attention 
paid by schools preparing for the University, to developing 
the ~o-eometrical insight and skill of their pupils, gradually 
fell off. One result, probably unforeseen and eertain!y 1in- 
fortunate, has been that much valuable unrecorded work that 
was done in the University of Dublin in those earlier times 
was not followed up; and has been, or is in risk of being, lost. 
Circumstances have occurred within the last few months, 
culminating in Mr. Preston's announcement in the June 
number of the Philosophical Magazine, which have brought 
forcibly to the knowledge of the presen~ writer that methods 
of great value ~hieh were then employed in physics have 
become a lost art, unknown to the present teachers and 
students of the University. 

In what I have written within the last nine months about 
wave-motion, and especially in the paper at p. 278 of the 
April number of the Philosophical Magazine, I applied what 
used to be called " MacCuliagh's method," or " Proof by the 
Principle of Reversal," to the study of wave-motion, for 
which it is in a special degree adapted. In doing this f 
assmned that my readers understood the fundamental win- 
eiples upon which all accurate geometrical proofs in this 
branch of physics ultimately rest; but the doubts expressed 
and file questions pu~ by Mr. Preston on p. 460 of the June 
number of the Philosophical Magazine, show that these as 
they used to be studied in the University of Dublin are now 
forgotten, and that even so well-informed a reader as Mr. 
Preston is unacquainted with them. Accordingly explana- 
tions must now be given which would have been superfluous 
forty years ago. I am endeavouring to do this in a paper l 
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100 Dr. G. J. Stoney on the Proof of 

am preparing, and which I hope shortly ~o have ready for 
publication. I t  will, I trust, effectually rescue from oblivion 
at least one method of proof of great value; and I shall 
endeavour sumcientlv to go back to first principles to meet 
all Mr. Preston's difficulties and remove his scruples. I t  
may be hoped that others with more leisure than the present 
writer will devote some of it to recovering other parts of the 
distinctively Dublin work ~ in Mathematical Physics of ~he 
above-mentioned period, which after MacCullagh's death was 
far too much left to the chances of tradition. 

A few words suffice for the rest of Mr. Preston's letter. 
In his second paragraph, on p. 458, he says " I  fear Dr. 
Stoney has misunderstood my communication. What  I in- 
tended to convey was &e." What  Mr. Preston did convey 
was not merely that he was making the artificial analysis he 
proceeds here to set forth, but, to use his own words on p. 238, 
" This then " (viz. an equation furnished by Mr. Preston's 
artificial analysis) " is  the analytical expression of the general 
theorem ennnciated by Dr. S toney"  (which dealt with the 
analysis effected by nature) ; and what I pointed out is that 
this is an entire delusion. 

The contrast between the two is well shown by the case 
discussed by Mr. Preston at the foot of p. 459 of' his letter 
and top of the following page. To give the problem definite- 
ness let us suppose ~hat what we have to deal with is the 
radiation by which we see an object which is illuminated by 
monochromatic light. Here  all the lmninous waves emitted 
by the object are of one wave-length, and all have trans- 
versals lying in the wave-fronts. The analysis of this light 
under my theorem is into trains of plane waves which have 
both these characteristics. The plane-wave components have 
all of them the one wave-length of the monochromatic light, 
and the transversals everywhere lie, as they should, in the 

* Another featare which then distinguished ~he teaching of the Uni- 
versity of Dublin in Mathematical Physics was the almost exclusive 
study of great writers--Newton, Lagrange, Laplace, Poisson, Gauss, 
MacCullagh, Ampgre, &c.--instead of re-castings of their work by com- 
pilers of text-books; and all were illuminated by incorporMing into 
them the geometrical methods peculiar to the University, wherever this 
was practicable. The great achievements of the fifty years that have 
since elapsed--Thermod),namics; the Kinetic Theory of gas; Spectroscopy; 
the Electricity of Faraday, Clerk-Maxwell, and Lord Kelvin; the Electro- 
magnetic Theory of light--were then unknown ; but while the teaching 
Of the University has since gained so immensely, something has been lost, 
and especially in regard to the methods which were distinctive of a 
Dublin training and which in a marl~ed degree tended to produce original 
thinkers. 
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a Tl, eorem in Wave-motlon. 101 

planes of the waves to which ihey belong. Each of these 
trains of plane waves the luminiferous rather can propagate 
forward unaltered, whether it exist alone in the ~ether or 
accompanied by other motions. Finally, this analysis is of 
great use for investigating numberless optical problems. 

~¢[r. Preston's analysis decomposes each transversal into 
its $, ~/, and ~*components. Of these he forms three groups. 
He groups all the ~ components together, all the ~ compo- 
nents together, and all the ~ components toge~her; and by 
his theorem he decomposes each of these groups into trains 
of non-natural waves with lengths ranging from infinity 
down to cypher, and with transversals which, in all but three 
directions, stand obliquely to the ii'ont of the wave. Trains 
of waves of this kind, if' isolated, cannot be propagated by 
the ~ether. The instant one of them is left to itself it breaks 
up, and what is thenceforward propagated is something quite 
different. Finally, the analysis is of no known use in physics. 
From all this it may be judged how much what Mr. Preston 
says about this case, at the bottom of p. 259 and top of p. 260, 
needs correction. 

The useful theorem--that  which supplies us with a resolu- 
tion into uniform plane waves which the medimn is compe- 
tent to propagate--has been established by the geometrical 
method of proof which we owe to MaeCutlagh~ and which is 
based on the Principle of Reversal. No analytical proof 
has yet been discovered, but the difficulties in the way of 
such a proof seem such as ought not to be insurmountable. 
We have seen, on p. 273 of' the April number of this 
1VIagazine, that the symbolical expression of the results 
arrived at by the geometrical proof is 

where r = x cos 8 + y  sin g) cos q~ + z sin i9 sin q~, and in which 
the M's, the transversals, are directed quantities. In this 
expression the vector components of the M's may be carried 
outside the sign Z, but no farther. Accordingly, the double 
integral is of a new kind, in which the smnmation is a geo- 
metrical summation, and not an algebraic summation as it is 
in ordinary integrals. This presumably is the source of the 
difficulty: I t  seems, however, to be a state of things which 
may be dealt with, if' we can succeed in finding a dynamical 
problem in which the M's shall be forces, but which shall 
lead to the above symbolical expression in all other respects. 

• and there is no apparent reason for regarding it as hopeless 
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102 Dr. J .  C. Beattie on the Electrification of 

that such a dynamical analogue may yet be found and su~- 
cessfully treated. I am, Gentlemen, 

Faithfuily yours, 
8 Upper Hornsey Rise, N., ~.  JOHNSTONE STONEY. 

June 11, 1897. 
[Note added orune 22.--Since the above was written [ 

learn fl'om Dr. Larmor that MaeCullagh himself refers to his 
method of proof in a footnote to one of his papers. I had 
supposed that our knowledge of it depended solely on 
tradition.--G. J.  S.J 

P . S . ~ T h e  reader is requested to make the folIowing .cor- 
rections : -  

In the footnote on p. 279 of the April nmnber of the 
Magazine, third line from the bottom of the page--  

Change "deducted" into "allowed for." The allowance to 
be made is not a simple deduction. 

In the first footnote on p. 372 of the May number of the 
Magazine, transfer the words " s o  as to receive all the  light 
which emerges from i t "  from ~he end of the first sentence of 
the footnote, to the end of the second sentence. The words 
were inadvertently written in at the wrong place. 

XI I I .  On the Electrification of Air by Uranium and its 
Compounds. By J.  CARRUT~E~S BEa'rTIE, D.Sc., F.R.S .E.  
With a Note by LO~D KELVtN, G.C.V. 0., F.R.S.L.  ~ E., 
4e., 

§ 1. ] [ T  is proposed in the fbllowing paper to describe 
1 experiments made to test the electric state of the 

air in the neighbourhood of metallic uranium, or of other 
metals on which a salt of uranium had been deposited fl'om a 
solution when these metals were charged to a positive or 
negative potential. 

§ 2. ~£etlwd employed.--To test the electric state of the air, 
the electric-filter method due to Kelvin, Maclean~ and Galt t 
was employed. [['he special f i l ter  used in the experiments to 
be described was a block-tin tube 10 cm. long and 1 cm. 
diameter, filled with brass filings. This was insulated on two 
,¢..unnelled pieces of paraffin~ and put in metallic connexion 
with the insulated pair of quadrants of" a quadrant electro- 

i 
meter, whose capacity was ~o-6~0 of a microfarad. From one 
of the tunnelled pieces of paraffin a metal tube led to an air- 
pump;  from the other a piece of indiarubber tubing led to 
the place where th6 air to be tested was. This air was then 

Read before the Royal Society of Eclinbm'gh, June 7th~ 1897. 
Communicated by Kord Kelvin. 

t Kelvin, Maciean; Galt, Prec. Roy. Soc. London, March 14th, 1895. 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

am
br

id
ge

] 
at

 2
0:

28
 0

1 
Ju

ne
 2

01
6 


